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1. Consider a parameter θ ∈ Rk and suppose that Tn is an estimator such that
√
n(Tn − θ)
Nk (0, Σ),
where Σ is a nonsingular matrix.
(a) Show that n(Tn − θ)T Σ−1 (Tn − θ) converges in distribution and determine the
limiting distribution.
P

Now suppose that Σ is unknown and that Sn is an estimator for Σ such that Sn → Σ.
(b) Show that Sn is nonsingular with probability tending to one.
(c) Find an asymptotic 1 − α confidence set for θ. Motivate your answer.

2. Let X1 , . . . , Xn be independent
and N (θ0 , 1)-distributed. Define θ̂n as the point
Pn
where the function θ 7→ i=1 (Xi − θ)4 is minimal.
(a) Show that θ̂n is a consistent estimator for θ0 .
√
(b) Show that n(θ̂n − θ0 ) converges in distribution and determine the limiting
distribution.
(c) Determine the asymptotic relative efficiency of θ̂n and the sample mean as an
estimator for θ0 .
3. (a) Give the precise statement of the general theorem that explains how consistency
of M-estimators follows from uniform convergence of the criterion functions that
are maximized.
(b) Give a proof of the theorem.
4. Let X1 , . . . , Xn be independent normal random variables with unknown mean µ and
variance 1. Clearly, the distribution function of Xi at the fixed point x is given by
F (x) = Φ(x − µ), where Φ is distribution function of the standard normal.
We want to compare two estimators for F (x), namely Fn (x) and Φ(x − X̄n ), where
Fn is the empirical distribution function.
(a) Intuitively, without a formal computation, which estimator do you expect to
be the better of the two? Motivate your answer.
1

(b) Give the definition of Fn (x). Show it is a consistent estimator for F (x) and
determine its asymptotic variance.
(c) Show that Φ(x − X̄n ) is a consistent estimator for F (x) and determine its
asymptotic variance.
(d) Use your answers of parts (a)–(c) to conjecture an inequality involving the
density ϕ and the distribution function Φ of the standard normal distribution.

5. (a) Give the statement of the James-Stein theorem.
(b) If Y ∼ Nn (θ, σ 2 I), then for the James-Stein estimator θ̂JS it holds that
Eθ kθ̂JS − θk2 = σ 2 n − σ 4 (n − 2)2 Eθ

1
.
kY k2

(You don’t need to prove this statement.) Show that it follows from this expression that
Eθ kθ̂JS − θk2 ≤ 4σ 2 + inf Eθ kcY − θk2 .
c∈R

(Hint: use Jensen’s inequality.)
(c) What is the intuitive meaning of the statement of part (b)?
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